Abstract Three instantaneous unit hydrographs (IUH) are represented by three probability distribution functions deduced from an expression of the beta function, which depends on three parameters. The three IUHs presented, dependent on two parameters, were obtained by particularizing one of three parameters of the proposed beta function for three different values. In order to give a physical sense to the two parameters of the three presented hydrographs, these have been associated with the centroid and the time to peak. One of these three functions coincides with the gamma function. The three functions were applied for 32 direct runoff events in the Aixola (4.70 km 2 ) and Oiartzun (56.07 km 2 ) catchments, in northern Spain. The simulations performed with the three functions gave very satisfactory results. It was also observed that the two catchments had a significantly different IUH with regard to its shape.
INTRODUCTION
One of the methods most used for generating the direct runoff hydrograph within the hydrological models orientated towards design and planning is the unit hydrograph (UH) technique (Sherman 1932) . It is based on the establishment of a unit pulse response function of the catchment in order to generate, through a linear combination of that function, its response to any arrangement of pulses of a different magnitude.
In recent decades, different probability distribution functions (pdf) have been used as UHs (Gray 1961 , Sokolov et al. 1976 , Croley 1980 , Ciepielowski 1987 . The beta and gamma pdfs, defined by Leonhard Euler, can represent the shape of a UH (Croley 1980, Haktanir and Sezen 1990) . Yue et al. (2002) extended the use of pdfs to predict the shape of the hydrograph for different return periods. Nash (1957) and Dooge (1959) had already obtained the gamma pdf resembling the flow of water to linear reservoir cascades. Lopez et al. (2005) and Agirre et al. (2005) proposed a geomorphological UH based on a linear-reservoirs cascade, whose formulation is, in turn, a linear combination of several gamma functions. The gamma probability density function consists of two parameters. Croley (1980) and Aron and White (1982) proposed these two parameters of the gamma function in terms of the values of the peak flow and time to peak, time to peak and inflection point, and peak flow and inflection point. In 2003, Bhunya et al. analysed various relationships between the parameters of the gamma function, in different expressions, and geomorphological parameters of the catchments. Montgomery and Runger (1994) used the chi-squared pdf distribution as a special case of the gamma function. Recently, efforts have been devoted to obtaining synthetic UHs using these same pdfs. Koutsoyiannis and Xanthopoulos (1989) employed the three-parameter beta function to obtain a UH. Bhunya et al. (2007) applied and compared the gamma, beta, chi-squared and Weibull pdfs as synthetic UHs. Bhunya et al. (2008) compared the performance of Weibull and gamma pdfs as synthetic UHs for deriving floods and compared their results with the work of Rosso (1984) . Finally, Rai et al. (2008 Rai et al. ( , 2009a Rai et al. ( , 2009b ) presented a series of papers in which they applied the Nakagami-m, gamma, beta, normal, lognormal, Weibull, logistic, generalized logistic and Pearson Type 3 probability density functions as UHs. As apparent from the above, the use of pdfs as UHs has been very widespread and any probability density function developed from the nil value of the variable "time" also represents a unit impulse and/or pulse response of a catchment. Research continues on pdfs to obtain Synthetic Design Hydrographs, for example Pramanik et al. (2010) and Serinaldi and Grimaldi (2011) .
In the present study, only the formulation of three functions derived from the beta density function is presented. These functions depend on two parameters associated with the first-order moment of the three functions and with the time to peak. Their application and analysis as IUHs in two small basins in northern Spain are also presented.
FORMULATION

Formulation of the beta function
It is usual to write the beta probability density function in the following way:
where p and q are the parameters of the function. Koutsoyiannis and Xanthopoulos (1989) made the change of variable of x for t as t = ax to define the beta function (1) between 0 and a finite value, a. In this work, however, a change of variable different from x for t was made:
where t 0 = α 0 τ is the time resulting from multiplying the centroid or first-order moment of the function τ , by a parameter or dimensionless factor, α 0 . In this case the parameter t 0 represents the scale factor. The change of variable is similar to that proposed by Mataix (1935) and its objective is that the new variable should be comprised between 0 and infinity, unlike the change made by Koutsoyiannis and Xanthopoulos (1989) .
Applying the change of variable (equation (2)) in the cumulative distribution function of equation (1), a new expression of the beta probability density function is obtained, i.e.:
This density function has the shape of, and can represent, an impulse response function of a catchment, namely an instantaneous unit hydrograph (IUH), depending on three parameters, p, q and α 0 .
Parameter characterization
To use these functions as IUHs, it is necessary to express the parameters of the functions based on characteristics that can have a physical or conceptual meaning in the hydrograph, such as the firstorder moment, τ , or time to peak, t p . The first-order moment, τ of the beta function (equation (3)) is expressed in equation (4), and the first-order moment m, v m , in respect of the origin, in equation (5):
where it is deduced that q = α 0 p + 1.
Equation (5) shows that the moments are proportional to the parameter α 0 raised to m. This means that the dimensionless relationships between the geometric properties of the beta function (equation (3)) are independent of this parameter. An important characteristic value is the time to peak, t p , which can be normalized with respect to τ as α p = t p /τ . In the beta function (3) this value is:
The values of the parameters p and q as a function of the centroid τ and of the parameters α 0 and α p are:
Three instantaneous unit hydrographs
Taking the beta function dependent on three parameters (equation (3)), it is possible to deduce infinite IUHs of two parameters. For this purpose, only a value specific to the parameter α 0 is required. In this case, the values of zero, infinity and unity were selected.
2.3.1
The first function β ∞ is obtained when making the value of α 0 tend towards infinity in equation (3) (see Appendix I), and its expression is:
where:
Equation (8) is the gamma probability density function, or Nash IUH.
2.3.2
The second function β τ is obtained by identifying the value of α 0 with unity; in other words, by identifying the value of α 0 τ with the centroid. Moreover, the beta probability density function (equation (3)) for the case of α 0 = 1 is:
2.3.3 The third function β 0 is obtained by making the value of α 0 equal to zero in the beta probability density function (equation (3)) (see Appendix II), and its expression is:
This function (12) Figure 1 depicts the three functions studied: β ∞ (8), β τ (10) and β 0 (12), maintaining the centroid and varying the dimensionless factor of the time to peak.
DESCRIPTION OF THE CATCHMENTS AND EVENTS
Catchments
The functions were applied and analysed in two experimental catchments, the Aixola and Oiartzun, located in the province of Gipuzkoa (Spain) (Fig. 2 ) and maintained by the local government. Total flow at the outlet of each catchment is recorded every 10 minutes. In addition, rainfall is recorded every 10 min by one pluviometer in the Aixola catchment, and by a set of three pluviometers in the Oiartzun catchment.
The Aixola catchment (4.70 km 2 ), located on the western edge of Gipuzkoa, is mainly under forestry (more than 85% of the total surface). Altitude ranges from 315 to 740 m, with an average slope of around 44%. Mean annual rainfall is 1600 mm.
In contrast, the Oiartzun catchment (56.07 km 2 ) is situated in the northeast of Gipuzkoa state. Minimum and maximum altitude are 11 and 831 m, respectively, and mean slope is approximately 43%. Mean annual rainfall is about 1700 mm in the lower part of the catchment, but rises to 2100 mm in the highest part.
Events
In the Aixola and Oiartzun catchments, respectively, 20 and 12 rainfall events were selected. In each event the direct runoff hyetograph (DRH) was separated from the baseflow using the recursive filter method proposed by Eckhardt (2005) and based on two parameters. In addition, the effective rainfall hyetograph (ERH) was estimated by using the Curve   Fig. 2 Location of the Aixola and Oiartzun catchments in northeast Spain. Number method, proposed by the Soil Conservation Service (Mockus 1972) . This method has been used in such a way that ERH and DRH started at the same time. For that purpose, I a (initial abstractions) and S (potential maximum retention) were considered as being a variable for each storm. Consequently, the method depends on two parameters, as suggested by ASCE (1997) for conditions when rainfall and runoff records were available. Tables 1 and 2 show the main characteristics of each of the storm events in the Aixola and Oiartzun catchments, respectively. 
RESULTS AND ANALYSIS
Sensitivity analysis was applied in the two studied catchments. In order to obtain the direct runoff hydrograph, the following convolution equation was applied to each of the selected effective rainfall hyetographs:
where Q(t) is the direct runoff hydrograph, r(u) the effective rainfall hyetograph and h(t) the IUH. Both for the sensitivity analysis and for the application in the catchments, the goodness of fit of the simulated hydrographs is represented with respect to the efficiency defined by Nash and Sutcliffe (1970) :
where Q ob,j is the flow observed at the instant j, Q si,j is the flow simulated at the instant j and Q ob is the mean observed flow.
Sensitivity analysis
A sensitivity analysis was initially performed on the two parameters which define each of the three functions. In order to make a comparison between the three functions, the parameters were defined with respect to two factors, as follows: one represents the response time of the catchment, which can be the firstorder moment, τ , or the time to peak, t p . The second factor represents the shape of the IUH, which could be the relationship of the time to peak with regard to the first-order moment of the function, α p . In order to observe the interaction between the response factor of the catchment and that of the shape of the IUH, a cross-analysis was made between these two factors. Thus, for one event from each of the catchments, the Nash-Sutcliffe efficiency, E, for different values of τ vs α p and t p vs α p was plotted.
The ranges of the values of τ , t p and α p were, respectively: 20-445.7 min, 5-227.75 min, and 0.05-0.095 min. Each range analysed was split into 99 regular intervals, thus generating a total of 10 000 simulations for each cross-analysis.
Figures 3 and 4 present the results of this analysis for Aixola catchment for the rain event Aix_04 ( Table 1 ). Figure 3 shows the efficiencies for each value of τ vs α p for each of the three IUHs, and Fig. 4 the efficiencies for each value of t p vs α p and each of the three IUHs.
Figures 5 and 6 depict the corresponding results for the Oiartzun catchment and rain event Oiar_05 (Table 2) .
It is observed from Figs 3-6 that the performance of the three IUHs was reproduced in all the rain events, although the optimal value of the factors is different for each event. Also, the efficiency values exhibit a greater variation to the factor controlling the response time of the hydrograph, whether it be the first-order moment, τ , or the time to peak, t p , than to the shape factor, α p , of the IUH. Moreover, from Figs 3 and 5, where the efficiency is represented in terms of τ and α p , it can be seen that, for most of the cases, the optimal value of τ does not vary, regardless of the shape factor of the IUH. This fact is general for all the cases, except for function β 0 and values below 1/3 of α p . This is related, to some extent, to the difference existing between the first-order moment, which is applied as a UH, with respect to that of the mathematical function. As the UH has a limited duration it presents a lower first-order moment than that of the mathematical function. This imperceptible difference acquires in most cases a greater dimension in function β 0 and for low values of α p .
Figures 4 and 6 show the efficiencies depending on t p and α p , and indicate that the optimal t p value for each event depends on the form factor α p .
From the above analysis, one can conclude that it is more appropriate to characterize the IUH of a catchment with respect to the first-order moment τ , than to the time to peak, t p , since this is practically independent from the form factor α p .
When we analyse the differences between the two events, one in each catchment, it can be stated that the behaviour of both of them is similar; the only difference is that the optimal efficiency value is reached with a higher value of τ in Oiartzun catchment than in Aixola, and with Oiartzun showing a lesser sensitivity to τ within the range studied.
Results of the application in the catchments
After the sensitivity analysis of the parameters or factors defining the UHs, the three pdfs were applied as IUHs to 20 rainfall events in the Aixola catchment and 12 in Oiartzun. The three IUHs were applied to each of the events, optimizing their two parameters in order to minimize their mean quadratic error or to maximize their efficiency, E, using for this purpose the Powell method (1964) adapted for its application with several variables (Press et al. 1986) .
In order to compare the functions to each other, the parameters of the IUHs are represented as a function of τ , which indicates the mean flow time, and the relationship between the time to peak and the first-order moment, α p , which shows the shape of the IUH. Figure 7 shows the distributions of the maximum efficiencies reached and the percentage error between observed and simulated peak flow, and Fig. 8 shows the distribution of the values of the optimal parameters in the set of events for each catchment. It can be observed that the three functions reach very high efficiencies (Fig. 7 and Table 3 ). In fact, in all the cases, the mean efficiency exceeded 0.94, with only small efficiency differences between the functions; although function β 0 presents higher efficiencies in Aixola and function β τ in Oiartzun.
With respect to the different behaviour of the catchments, in this distribution, it is worth remarking how parameter τ of the Aixola catchment is smaller than that of Oiartzun, which is in agreement with the smaller size of the former catchment. However, Table 3 Mean efficiencies (E) and deviations (σ E ). the dimensionless factor of the time to peak, α p , is larger in Aixola than in Oiartzun; in other words, the Oiartzun catchment presents the more advanced time to peak, t p , with respect to τ than the Aixola catchment. Figure 8 shows that function β 0 presents higher optimal values of parameter τ than the β τ and β ∞ functions. This behaviour is more apparent in the Oiartzun catchment. The dimensionless factor of the time to peak, α p , presents a high dispersion between the different rain events in a given catchment, although this dispersion is least in function β 0 , followed by function β τ .
Figures 9 and 10 show the optimized simulations obtained with each of the three hydrographs for events Aix_04, Aix_10, Oiar_05 and Oiar_09, compared to the observed hydrographs. For both examples for each catchment, although there are small differences in the values of the maximum efficiencies reached with the three functions, these differences are visually imperceptible.
CONCLUSIONS
Three IUHs have been obtained in terms of both τ , the first-order moment of the hydrograph as a response time of the catchment, and of a shape factor of the IUH, which can be defined by the relation of the time to peak with respect to the first-order moment, α p .
In observing the mean efficiencies reached using the three IUHs, it can be concluded that the three IUHs correctly simulate the direct runoff and there are no significant differences between the results obtained with the three IUHs in the application. It is recommended to characterize the response of the IUH of a catchment in terms of the first-order moment, τ , rather than with the time to peak, t p , since τ is practically independent of the shape of the IUH.
In addition, the shape of the IUH tended to be different in each catchment, as demonstrated by the differences in the value of the dimensionless factor of the time to peak, α p .
The efficiency values present a greater variation relative to the factor controlling the response time of the hydrograph, τ than to the shape factor, α p .
However, there were no significant differences between the optimal values of the first-order moment of the three functions, although function β 0 presented the highest τ followed by β τ , with β ∞ presenting the lowest value of τ .
The dimensionless factor of the time to peak, α p , exhibited a high dispersion between the different events in the same catchment, although this dispersion was lower in function β 0 , followed by function β τ .
